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Big	  Data	  could	  be	  a	  Nightmare	  
•  Huge-‐scale	  Dataset	  

– Num.	  of	  Users	  in	  Social	  Network	  
– Num.	  of	  Web	  texts,	  Images,	  Movies	  

•  High-‐dimensional	  Features	  
– Num.	  of	  AEributes,	  Items	  
– Num.	  of	  Words,	  Pixels,	  Frames	  

•  Missing	  Values	  and	  Noise	  
– Dirty	  Data	  with	  Low	  Quality	  

•  Complex	  Structure	  
–  Inconsistent	  to	  one	  Structure	  



Learning	  &	  Mining	  BoEleneck	  	  

•  Speed,	  Speed,	  Speed…	  
•  StaOsOcal	  Laws	  lose	  power	  in	  High	  Dimensions	  
•  User	  is	  not	  saOsfied	  and	  convinced:	  Single	  
arOficial	  soluOon	  with	  weak	  interpretaOon	  

•  SensiOve	  to	  Missing	  value,	  Noise,	  and	  Complex	  
Structure	  



Example:	  Learn	  from	  Faces	  

•  Learner/Miner:	  PCA	  (or	  Sparse	  PCA)?	  

•  User:	  The	  results	  of	  long-‐Ome	  opOmizaOon/
decomposiOon,	  weak	  interpretaOon,	  blablabla	  

Hellow!	  
Who	  r	  u?	  

Oh,	  it’s	  
complicated…	  



Example:	  Learn	  from	  Faces	  
•  Learner/Miner:	  No?	  Then	  Manifold	  Learning	  
(Linear	  approximaOon)?	  

•  User:	  Same	  problem!	



Idea:	  Why	  not	  use	  (parOal)	  data	  itself	  
to	  express	  the	  learning	  result?	  
•  Select	  (find),	  not	  iteraOvely	  opOmize	  

– Big	  data	  already	  contains	  affluent	  resources	  to	  
build	  learning	  result	  

– User	  is	  happier	  to	  be	  convinced	  by	  real	  instances	  
– Faster	  



Idea:	  Why	  not	  use	  (parOal)	  data	  itself	  
to	  express	  the	  learning	  result?	  
•  Summarize,	  not	  ArOficially	  Create	  

– Human	  being	  learns	  from	  summarizing	  the	  world	  
by	  representaOve	  samples	  for	  thousands	  of	  years.	  

•  Distribute	  learning	  in	  low	  dim,	  not	  in	  high	  dim	  
– Use	  the	  data	  redundancy	  to	  conquer	



Divide-‐and-‐Conquer	  Anchoring	  (DCA)	  
•  Huge	  scale	  dataset:	  Summarize	  it	  with	  
representaOve	  instances	  (anchors)	  

•  High	  dimension:	  learn	  in	  low-‐dim	  in	  parallel,	  
and	  recover	  the	  high-‐dim	  soluOon	  low-‐dim	  
soluOons	  (Divide-‐and-‐Conquer)	  

•  Missing	  Values	  or	  Noise:	  Use	  the	  data	  
redundancy	  and	  compressible	  structure	  

•  Complex	  Structure:	  Use	  REAL	  instances	  to	  
express	  it	  (Users	  like	  case	  study!)	  



Outline	  
•  Divide-‐and-‐Conquer	  Anchoring	  

– Geometry:	  Anchors	  in	  High	  and	  Low	  Dimensions	  
–  Scheme:	  Divide-and-Conquer	  Anchoring	  (DCA)	  
–  Tricks:	  Ultra-‐Fast	  Anchoring	  in	  1	  or	  2	  Dimensions	  
– Harder:	  Incomplete	  Data	  

•  Comparison:	  Near	  Separable	  NMF	  Algorithms	  
•  Experiments	  

–  SyntheOc	  Data	  
–  Real	  Data	  

•  Take	  Home	  Messages	  



Anchors	  (RepresentaOve	  Instances)	  

•  Anchors	  are	  important	  faces,	  representaOve	  
users,	  key	  frames,	  etc…	  

•  So	  How	  to	  define	  
“important”,“representaOve”,	  “key”	  in	  math?	  

•  One	  hint:	  they	  can	  represent	  all	  the	  others!	  

a set of points V = {vi}ki=1, which is comprised of k
generators (vertices) vi 2 Rm, a simplex �(V ) can be
defined by

�(V ) =

(
kX

i=1

↵ivi

����� vi 2 V,↵i 2 R+,

kX

i=1

↵i = 1

)
. (3)

And �(V ) is the convex hull of V . Hence, simplex defined
by a convex hull is a special case of cone defined by a
conical hull.

Definition 2: (Separability assumption) All the data
points in X reside in a conical hull of R, which is a subset
A ✓ [n] of data points in X . Geometrically, the separability
assumption is

8i 2 [n], xi 2 cone (XA) , XA = {xi}i2A. (4)

Algebraically, separability assumption means

X = FXA,⇧F =


Ik
F 0

�
(5)

where Ik is a k-by-k identity matrix, F 0 2 R(n�k)⇥k
+ , and

⇧ is a row permutation matrix.
In separability assumption, the data points in XA are ex-
treme rays of the cone cone(XA) because none of them, or
their generators, can be expressed by conical combinations
of other elements in cone(XA)

1. In addition, cone(XA) is
finitely generated because all the elements in X are conical
combinations of a finite set XA. It is also pointed because
its nonnegativity does not allow it containing both a vector x
and �x. According to a basic law [13]: a finitely generated
and pointed cone cone(R) possesses a finite and unique set
of extreme rays R, and cone(R) is the conical hull generated
by these extreme rays R, so we immediately obtain the
uniqueness of solution. Note in this case, the original NP-
hard NMF problem is reduced to finding the k extreme rays
(or the “anchors”) from data points in X , which can be
solved in polynomial time.

Separability assumption selects a few data points to
represent the other data points in the whole dataset. This
constraint is more than merely an artificial trick: it is favored
and justified by various practical applications. For example,
it implies a word associated with a unique topic in topic
modeling [14], an audio signal that only belongs to one
source in blind source separation [2], and a highly repre-
sentative user in collaborative filtering [15], [16]. Moreover,
in big data challenges, it is more natural, interpretable and
efficient to represent high-dimensional data by a few actual
data points selected from a huge data pool rather than
artificial basis vectors. In fact, such “data expresses itself”
assumption has become a popular trend in the recent study
of other related matrix factorization, such as rank revealing
QR [17], CUR [18] and subspace clustering [19].

1Here we assume that X includes sufficient data points and thus can
completely represent cone(XA).

B. Related Works

A special case of separable NMF was firstly studied in
[20] and [21], in which all data points are assumed to
be normalized to have unit `1 norm and are included in
a convex hull. So the goal is to find out the k extreme
points, or the vertices of the convex hull from X . Since
a vertex cannot be expressed as a convex combination of
other data points, a linear programming (LP) pursuing the
combination weights can be conducted on each data point
to test if such expression exists [20]. If the LP is infeasible,
an extreme point is detected. However, this algorithm [20]
needs to solve n LP each optimizes n � 1 variables and is
not scalable for large-scale problems. A single LP method
named “Hottopixx” [21] is proposed to solve the separable
NMF by decomposing X = CX in an elegantly designed
feasibility polyhedral of C, in which an element implies a
feasible F in (5). Hottopixx solves an LP of n2 variables.
Thus, a stochastic gradient method with only asymptotic
convergence is specially developed for applying it to large-
scale problems. It is also robust to small data noise, but the
noise level needs to be estimated in advance. This problem
considering noise is called near-separable NMF, which is
defined as finding XA from X = FXA + N , where N
is noise. A more robust and flexible LP method adopting
a new LP model modified from Hottopixx is proposed in
[22]. Compared to Hottopixx, it automatically detects rank
k, and does not demand normalization to data points so it
can address general near-separable NMF within a conical
hull. Since most LP methods aim at optimizing C rather
than finding XA, post-processing that extracts XA from C
is usually indispensable.

Different from LP, another class of near-separable NMF
algorithms is based on the methodology of greedy pursuit.
The key idea is to select a data point on the direction of
which the current residual can be decreased at a fast speed,
and add the selected data point into XA as a new anchor.
The weight matrix F and the residual matrix X � FXA

are updated after each update of XA. The above procedure
is iterated until reaching an error tolerance or a sufficiently
large A. Different algorithms adopt a distinct residual in
their selection criterion and update of residual. For example,
successful projection algorithm (SPA) [23] adopts a modified
Gram-Schmidt orthogonalization with column/row pivoting.
XRAY [24] selects a new anchor according to the residual
of a randomly selected exterior data point, the maximum
residual among all exterior points, or their averaged residual,
and updates the residual matrix by solving a nonnegative
least square regression. These greedy pursuit algorithms
normally have smaller computational complexity than their
LP rivals, but their iterative selection procedures can only
be computed in single thread due to the nature of greedy
method. Thus, a heavy computational burden may still arise
in high dimensions for them. Although they can be applied

All	  data,	  one	  
sample	  a	  row	  

Anchors	  (row	  
index	  A)	  



Anchors	  (Geometry)	  
•  So	  how	  to	  define	  anchors	  in	  geometry	  (equally)?	  What	  do	  

they	  look	  like	  in	  space?	  
•  (Separable	  Assump-on)	  Anchor	  points	  are	  verOces/extreme	  

rays	  whose	  convex/conical	  hull	  contains	  all	  the	  other	  data	  
points.	  

X  = {  } 
XA = {  } 

Δ(XA) 

X  = {  } 
XA = {  } 

cone(XA) 
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Abstract—Nonnegative matrix factorization (NMF) becomes
tractable in polynomial time with unique solution under
separability assumption, which postulates all the data points
are contained in the conical hull of a few anchor data points.
Recently developed linear programming and greedy pursuit
methods can pick out the anchors from noisy data and
results in a near-separable NMF. But their efficiency could
be seriously weakened in high dimensions. In this paper, we
show that the anchors can be precisely located from low-
dimensional geometry of the data points even when their
high dimensional features suffer from serious incompleteness.
Our framework, entitled divide-and-conquer anchoring (DCA),
divides the high-dimensional anchoring problem into a few
cheaper sub-problems seeking anchors of data projections
in low-dimensional random spaces, which can be solved in
parallel by any near-separable NMF, and combines all the
detected low-dimensional anchors via a fast hypothesis testing
to identify the original anchors. We further develop two non-
iterative anchoring algorithms in 1D and 2D spaces for data
in convex hull and conical hull, respectively. These two rapid
algorithms in the ultra low dimensions suffice to generate a
robust and efficient near-separable NMF for high-dimensional
or incomplete data via DCA. Compared to existing methods,
two vital advantages of DCA are its scalability for big data, and
capability of handling incomplete and high-dimensional noisy
data. A rigorous analysis proves that DCA is able to find the
correct anchors of a rank-k matrix by solving O(k log k) sub-
problems. Finally, we show DCA outperforms state-of-the-art
methods on various datasets and tasks.

Keywords-Nonnegative matrix factorization; separability as-
sumption; divide-and-conquer; big data; conical hull; anchor
points; random projection; matrix completion

I. INTRODUCTION

Nonnegative matrix factorization (NMF) [1], [2] decom-
poses a data matrix X 2 Rn⇥m

+ containing n nonnegative m-
dimensional data points {xi}ni=1 in the form of X = FW ,
where F 2 Rn⇥k

+ and W 2 Rk⇥m
+ are also two nonnegative

matrices and usually k ⌧ min(n,m). The rows of W are
composed of k nonnegative basis vectors representing all
the samples, while the n rows of F are nonnegative weight
vectors encoding the n data points into conical combinations
of the basis vectors. The nonnegativity of both F and W
often results in more natural and interpretable part-based
decomposition than other low-rank matrix factorizations [3],
where the intrinsic parts extracted from W are usually sparse

and reveals how a composite data point is generated. As a
consequence, NMF has been broadly applied to numerous
practical problems, such as text topic modeling, signal sep-
aration, social networks, collaborative filtering, dimension
reduction, sparse coding and feature selection. Nonetheless,
the theoretical properties of its solutions remained unclear
for a long period until recently, and almost all the practical
NMF algorithms [4], [5], [6], [7], [8], [9], [10] rely on
heuristics of alternating minimizing reconstruction error

min

F2Rn⇥k
+ ,W2Rk⇥m

+

D(X,FW ), (1)

and cast the factorization into non-convex programming,
where D(·, ·) is a distance metric between two matrices.

A. Separable Nonnegative Matrix Factorization
The lack of rigorous analysis is the result of a fact that

NMF is NP-hard [11] and highly ill-posed in its original
form, because, in this case, the problem is computationally
prohibitive, and neither uniqueness nor correctness guarantee
can be made on its solution. It is therefore necessary to
impose additional assumptions on the data points and reduce
the original NMF to a tractable problem, meanwhile the
generality of NMF is expected to be maintained maximally.
An early effort is made in [12], which gave a separability
assumption, under which the uniqueness of NMF solution
can be achieved. Given the geometric concepts of (convex)
cone, conical hull, simplex and convex hull, the separability
assumption can be defined both geometrically and alge-
braically.

Definition 1: (Cone, conical hull, simplex, convex hull)
A (convex) cone is a non-empty convex set that is closed
with respect to conical combinations of its elements. In
particular, given a set of points R = {ri}ki=1, which is
comprised of k generators (rays) ri 2 Rm, a cone cone(R)

can be defined by

cone(R) =

(
kX

i=1

↵iri

����� ri 2 R,↵i 2 R+

)
. (2)

And cone(R) is the conical hull of R. Analogically, a
simplex is a non-empty convex set that is closed with respect
to convex combinations of its elements. In particular, given

a set of points V = {vi}ki=1, which is comprised of k
generators (vertices) vi 2 Rm, a simplex �(V ) can be
defined by

�(V ) =

(
kX

i=1

↵ivi

����� vi 2 V,↵i 2 R+,

kX

i=1

↵i = 1

)
. (3)

And �(V ) is the convex hull of V . Hence, simplex defined
by a convex hull is a special case of cone defined by a
conical hull.

Definition 2: (Separability assumption) All the data
points in X reside in a conical hull of R, which is a subset
A ✓ [n] of data points in X . Geometrically, the separability
assumption is

8i 2 [n], xi 2 cone (XA) , XA = {xi}i2A. (4)

Algebraically, separability assumption means

X = FXA,⇧F =


Ik
F 0

�
(5)

where Ik is a k-by-k identity matrix, F 0 2 R(n�k)⇥k
+ , and

⇧ is a row permutation matrix.
In separability assumption, the data points in XA are ex-
treme rays of the cone cone(XA) because none of them, or
their generators, can be expressed by conical combinations
of other elements in cone(XA)

1. In addition, cone(XA) is
finitely generated because all the elements in X are conical
combinations of a finite set XA. It is also pointed because
its nonnegativity does not allow it containing both a vector x
and �x. According to a basic law [13]: a finitely generated
and pointed cone cone(R) possesses a finite and unique set
of extreme rays R, and cone(R) is the conical hull generated
by these extreme rays R, so we immediately obtain the
uniqueness of solution. Note in this case, the original NP-
hard NMF problem is reduced to finding the k extreme rays
(or the “anchors”) from data points in X , which can be
solved in polynomial time.

Separability assumption selects a few data points to
represent the other data points in the whole dataset. This
constraint is more than merely an artificial trick: it is favored
and justified by various practical applications. For example,
it implies a word associated with a unique topic in topic
modeling [14], an audio signal that only belongs to one
source in blind source separation [2], and a highly repre-
sentative user in collaborative filtering [15], [16]. Moreover,
in big data challenges, it is more natural, interpretable and
efficient to represent high-dimensional data by a few actual
data points selected from a huge data pool rather than
artificial basis vectors. In fact, such “data expresses itself”
assumption has become a popular trend in the recent study
of other related matrix factorization, such as rank revealing
QR [17], CUR [18] and subspace clustering [19].

1Here we assume that X includes sufficient data points and thus can
completely represent cone(XA).

B. Related Works

A special case of separable NMF was firstly studied in
[20] and [21], in which all data points are assumed to
be normalized to have unit `1 norm and are included in
a convex hull. So the goal is to find out the k extreme
points, or the vertices of the convex hull from X . Since
a vertex cannot be expressed as a convex combination of
other data points, a linear programming (LP) pursuing the
combination weights can be conducted on each data point
to test if such expression exists [20]. If the LP is infeasible,
an extreme point is detected. However, this algorithm [20]
needs to solve n LP each optimizes n � 1 variables and is
not scalable for large-scale problems. A single LP method
named “Hottopixx” [21] is proposed to solve the separable
NMF by decomposing X = CX in an elegantly designed
feasibility polyhedral of C, in which an element implies a
feasible F in (5). Hottopixx solves an LP of n2 variables.
Thus, a stochastic gradient method with only asymptotic
convergence is specially developed for applying it to large-
scale problems. It is also robust to small data noise, but the
noise level needs to be estimated in advance. This problem
considering noise is called near-separable NMF, which is
defined as finding XA from X = FXA + N , where N
is noise. A more robust and flexible LP method adopting
a new LP model modified from Hottopixx is proposed in
[22]. Compared to Hottopixx, it automatically detects rank
k, and does not demand normalization to data points so it
can address general near-separable NMF within a conical
hull. Since most LP methods aim at optimizing C rather
than finding XA, post-processing that extracts XA from C
is usually indispensable.

Different from LP, another class of near-separable NMF
algorithms is based on the methodology of greedy pursuit.
The key idea is to select a data point on the direction of
which the current residual can be decreased at a fast speed,
and add the selected data point into XA as a new anchor.
The weight matrix F and the residual matrix X � FXA

are updated after each update of XA. The above procedure
is iterated until reaching an error tolerance or a sufficiently
large A. Different algorithms adopt a distinct residual in
their selection criterion and update of residual. For example,
successful projection algorithm (SPA) [23] adopts a modified
Gram-Schmidt orthogonalization with column/row pivoting.
XRAY [24] selects a new anchor according to the residual
of a randomly selected exterior data point, the maximum
residual among all exterior points, or their averaged residual,
and updates the residual matrix by solving a nonnegative
least square regression. These greedy pursuit algorithms
normally have smaller computational complexity than their
LP rivals, but their iterative selection procedures can only
be computed in single thread due to the nature of greedy
method. Thus, a heavy computational burden may still arise
in high dimensions for them. Although they can be applied



Mirror	  Mirror	  is	  the	  anchor	  set	  Unique?	  	  
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Figure 3: (left) The speedup over a serial implementation for Hottopixx on the jumbo and clueweb data
sets. Note the superlinear speedup for up to 20 threads. (middle) The RMSE for the clueweb data set.
(right) The test error on RCV1 CCAT class versus the number of hott topics. The horizontal line indicates
the test error achieved using all of the features.

Future work should investigate the applicability of Hottopixx to other factorization localizing
algorithms, such as subspace clustering, and should revisit earlier theoretical bounds on such prior
art.

Acknowledgments

The authors would like to thank Sanjeev Arora, Michael Ferris, Rong Ge, Nicolas Gillis, Ankur
Moitra, and Stephen Wright for helpful suggestions. BR is generously supported by ONR award
N00014-11-1-0723, NSF award CCF-1139953, and a Sloan Research Fellowship. CR is generously
supported by NSF CAREER award under IIS-1054009, ONR award N000141210041, and gifts
or research awards from American Family Insurance, Google, Greenplum, and Oracle. JAT is
generously supported by ONR award N00014-11-1002, AFOSR award FA9550-09-1-0643, and a
Sloan Research Fellowship.

References

[1] docs.oracle.com/cd/B28359_01/datamine.111/b28129/algo_nmf.htm.

[2] lemurproject.org/clueweb09/.

[3] www.mathworks.com/help/toolbox/stats/nnmf.html.

[4] S. Arora, R. Ge, R. Kannan, and A. Moitra. Computing a nonnegative matrix factorization – provably.
To appear in STOC 2012. Preprint available at \arxiv.org/abs/1111.0952, 2011.

[5] D. P. Bertsekas and J. N. Tsitsiklis. Parallel and Distributed Computation: Numerical Methods. Athena
Scientific, Belmont, MA, 1997.
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• Mirror	  	  	  	  	  	  	  	  	  	  	  	  	  tells	  you	  in	  simplex	  case,	  the	  
above	  Separable	  Assump-on	  guarantee	  the	  
uniqueness	  of	  A.	  

•  How	  about	  the	  cone	  case?	  
	  

a set of points V = {vi}ki=1, which is comprised of k
generators (vertices) vi 2 Rm, a simplex �(V ) can be
defined by

�(V ) =

(
kX

i=1

↵ivi

����� vi 2 V,↵i 2 R+,

kX

i=1

↵i = 1

)
. (3)

And �(V ) is the convex hull of V . Hence, simplex defined
by a convex hull is a special case of cone defined by a
conical hull.

Definition 2: (Separability assumption) All the data
points in X reside in a conical hull of R, which is a subset
A ✓ [n] of data points in X . Geometrically, the separability
assumption is

8i 2 [n], xi 2 cone (XA) , XA = {xi}i2A. (4)

Algebraically, separability assumption means

X = FXA,⇧F =


Ik
F 0

�
(5)

where Ik is a k-by-k identity matrix, F 0 2 R(n�k)⇥k
+ , and

⇧ is a row permutation matrix.
In separability assumption, the data points in XA are ex-
treme rays of the cone cone(XA) because none of them, or
their generators, can be expressed by conical combinations
of other elements in cone(XA)

1. In addition, cone(XA) is
finitely generated because all the elements in X are conical
combinations of a finite set XA. It is also pointed because
its nonnegativity does not allow it containing both a vector x
and �x. According to a basic law [13]: a finitely generated
and pointed cone cone(R) possesses a finite and unique set
of extreme rays R, and cone(R) is the conical hull generated
by these extreme rays R, so we immediately obtain the
uniqueness of solution. Note in this case, the original NP-
hard NMF problem is reduced to finding the k extreme rays
(or the “anchors”) from data points in X , which can be
solved in polynomial time.

Separability assumption selects a few data points to
represent the other data points in the whole dataset. This
constraint is more than merely an artificial trick: it is favored
and justified by various practical applications. For example,
it implies a word associated with a unique topic in topic
modeling [14], an audio signal that only belongs to one
source in blind source separation [2], and a highly repre-
sentative user in collaborative filtering [15], [16]. Moreover,
in big data challenges, it is more natural, interpretable and
efficient to represent high-dimensional data by a few actual
data points selected from a huge data pool rather than
artificial basis vectors. In fact, such “data expresses itself”
assumption has become a popular trend in the recent study
of other related matrix factorization, such as rank revealing
QR [17], CUR [18] and subspace clustering [19].

1Here we assume that X includes sufficient data points and thus can
completely represent cone(XA).

B. Related Works

A special case of separable NMF was firstly studied in
[20] and [21], in which all data points are assumed to
be normalized to have unit `1 norm and are included in
a convex hull. So the goal is to find out the k extreme
points, or the vertices of the convex hull from X . Since
a vertex cannot be expressed as a convex combination of
other data points, a linear programming (LP) pursuing the
combination weights can be conducted on each data point
to test if such expression exists [20]. If the LP is infeasible,
an extreme point is detected. However, this algorithm [20]
needs to solve n LP each optimizes n � 1 variables and is
not scalable for large-scale problems. A single LP method
named “Hottopixx” [21] is proposed to solve the separable
NMF by decomposing X = CX in an elegantly designed
feasibility polyhedral of C, in which an element implies a
feasible F in (5). Hottopixx solves an LP of n2 variables.
Thus, a stochastic gradient method with only asymptotic
convergence is specially developed for applying it to large-
scale problems. It is also robust to small data noise, but the
noise level needs to be estimated in advance. This problem
considering noise is called near-separable NMF, which is
defined as finding XA from X = FXA + N , where N
is noise. A more robust and flexible LP method adopting
a new LP model modified from Hottopixx is proposed in
[22]. Compared to Hottopixx, it automatically detects rank
k, and does not demand normalization to data points so it
can address general near-separable NMF within a conical
hull. Since most LP methods aim at optimizing C rather
than finding XA, post-processing that extracts XA from C
is usually indispensable.

Different from LP, another class of near-separable NMF
algorithms is based on the methodology of greedy pursuit.
The key idea is to select a data point on the direction of
which the current residual can be decreased at a fast speed,
and add the selected data point into XA as a new anchor.
The weight matrix F and the residual matrix X � FXA

are updated after each update of XA. The above procedure
is iterated until reaching an error tolerance or a sufficiently
large A. Different algorithms adopt a distinct residual in
their selection criterion and update of residual. For example,
successful projection algorithm (SPA) [23] adopts a modified
Gram-Schmidt orthogonalization with column/row pivoting.
XRAY [24] selects a new anchor according to the residual
of a randomly selected exterior data point, the maximum
residual among all exterior points, or their averaged residual,
and updates the residual matrix by solving a nonnegative
least square regression. These greedy pursuit algorithms
normally have smaller computational complexity than their
LP rivals, but their iterative selection procedures can only
be computed in single thread due to the nature of greedy
method. Thus, a heavy computational burden may still arise
in high dimensions for them. Although they can be applied

Uniqueness: a finitely generated and 
pointed (NMF is a special case) cone 
cone(R) possesses a finite and unique 
set of extreme rays R, and cone(R) is 
the conical hull generated by these 
extreme rays R. 

-Yurii Nesterov 



Idea:	  Geometry	  of	  Anchors	  in	  High	  dimensions	  
parOally	  preserved	  in	  Low	  dimensions	  (Simplex)	  

X  = {  } 
XA = {  } 

Y  = {  } 
YA = {  } 

Δ(XA) 

Δ(YA) 

A	  is	  the	  set	  of	  anchors	  (vertex	  in	  this	  case),	  A	  bar	  is	  the	  set	  of	  anchors	  
in	  low	  dimensions	  ader	  projecOon,	  A	  bar	  belongs	  to	  A	  



Idea:	  Geometry	  of	  Anchors	  in	  High	  dimensions	  
parOally	  preserved	  in	  Low	  dimensions	  (Cone)	  

A	  is	  the	  set	  of	  anchors	  (rays	  in	  this	  case),	  A	  bar	  is	  the	  set	  of	  anchors	  in	  
low	  dimensions	  ader	  projecOon,	  A	  bar	  belongs	  to	  A	  

O

X  = {  } 
XA = {  } 

Y  = {  } 
YA = {  } 

cone(XA) 



Conjecture:	  (Randomly)	  Project	  dataset	  for	  k	  Omes,	  find	  
anchors	  in	  low	  dim	  (sub-‐problem)	  by	  some	  algorithm.	  Can	  
we	  find	  all	  the	  original	  anchors	  at	  last	  (with	  high	  
probability)?	  



Guarantee:	  Times	  of	  projecOons	  (num.	  of	  sub-‐
problems)	  we	  need	  is	  O(k	  logk)!	  (k:	  num.	  of	  anchors)	  

the the matrix. This interesting phenomenon has a heuristic
explanation that picking out the indexes of k anchors from
[n] should be easier than recovering the exact values of all
missing entries. But a more important application of DCA
implied by this fact is that we can apply DCA to the highly
incomplete rating matrix in recommendation system [33],
and find out the representative users. The ratings of other
users can then be predicted after collecting ratings only from
representative users.

In Algorithm 1, we give a detailed description of the
DCA framework, and show how to handle data matrix
in noiseless, noisy, complete and incomplete situations by
different strategies.

D. Analysis: the Number of Sub-problems

We now analyze in what situation the proposed DCA
framework is able to identify all the anchors XA success-
fully.

Lemma 1: Let B = {�i}di=1 be d random directions
sampled uniformly from Sm�1. Assume the index set for
the detected anchors on hyperplane defined by B to be ¯A.
Denoted by

p⇤i = Pr[i 2 ¯A], (14)

i.e., p⇤i is the probability for the random projection yi of data
point xi being identified as an anchor in a sub-problem.
Since the detected low-dimensional anchors must be the
random projections of the actual anchors (Theorem 1), we
have

kX

i=1

p⇤i = 1. (15)

Based on the above lemma, we can provide the following
theorem about the minimum number of sub-problems that
can guarantee an accurate anchor estimation.

Theorem 2: (Identifiability) Suppose mini2A p⇤i �
↵/k > 0, i = 1, 2, ..., k. Given the statistics from the solu-
tions of s sub-problems finding low-dimensional anchors,

g(i) =
sX

j=1

I(i 2 ¯Aj
) (16)

by Theorem 1, clearly we have

g(i : i 2 A) � 0,
X

i2A

g(i) =
sX

i=1

| ¯Ai| and g(i : i /2 A) = 0;

(17)

further, it holds with probability at least 1 � k exp
��↵s

3k

�

that

min

i2A
g(i) > 0. (18)

Proof: For 8i 2 A, we introduce a random variable
⇠t = I(i 2 ¯Aj

), then Pr(⇠t = 1) = p⇤i . By Chernoof bound,
we have

Pr

 
sX

t=1

⇠t < (1� �)sp⇤i

!
 exp

✓
��2sp⇤i
2 + �

◆
, 8� � 0.

(19)
Since g(i) =

Ps
t=1 ⇠t, and let � = 1, we have

Pr(g(i) = 0)  exp

✓
�sp⇤i

3

◆
. (20)

This yields

Pr(mini2A g(i) > 0) = 1� Pr([i2Ag(i) = 0)

� 1�Pi2A Pr(g(i) = 0)

� 1�Pi2A exp

⇣
� sp⇤

i
3

⌘

� 1� k exp
⇣
� sminj2A p⇤

j

3

⌘
.

(21)
Since minj2A p⇤j � ↵/k, this completes the proof.

Therefore, as long as the number of sub-problems s >>
3
↵k log k, we have mini2A g(i) > 0, which indicates that all
the k vertices can be successfully identified by DCA.

III. RAPID ANCHORING IN 1D OR 2D SPACE

In this section, we consider two extreme cases of DCA,
i.e., the sub-problems seek anchors in a 1D or 2D space.
Instead of adopting the sophisticated near-separable NMF
proposed before, we build two simple and efficient non-
iterative algorithms that locate the 1D or 2D anchors after a
computation of O(n) flops. In the framework of DCA, they
enjoy a comparable performance as state-of-the-art, but are
much more efficient, especially in big data challenge.

A. Seeking Vertices of Convex Hull in 1D Space
A number of previous works [20], [21] tackle the sep-

arable NMF in a special case where all the data points
are normalized to have unit `1 norm and are included in
a convex hull. The framework of DCA allows us to divide
the original anchoring problem in m-dimensional space to
O(k log k) sub-problems, each of which aims at finding the
anchors in a 1D space. According to Figure 1, the convex
hull in 1D space is a box on the real axis, and the associated
anchors are the two vertices of the box. Therefore, uniformly
sample s random vectors {�i}si=1 on the hypersphere Sm�1,
each sub-problem is reduced to finding the maximum and
minimum of the n data projections on each of the s random
directions, i.e.,

¯Ai
:=

⇢
argmax

j
xj�

T
i , argmin

j
xj�

T
i

�
, i = 1, 2, · · · , s.

(22)
When �i is randomly selected from the set of m unit vectors
(only one element is 1 and others are all 0), the above sub-
problem can be further simplified to finding the maximum
and minimum on a randomly selected dimension. Since

*alpha here is related to projection dimension d, random projection ensemble, and data. 

the the matrix. This interesting phenomenon has a heuristic
explanation that picking out the indexes of k anchors from
[n] should be easier than recovering the exact values of all
missing entries. But a more important application of DCA
implied by this fact is that we can apply DCA to the highly
incomplete rating matrix in recommendation system [33],
and find out the representative users. The ratings of other
users can then be predicted after collecting ratings only from
representative users.

In Algorithm 1, we give a detailed description of the
DCA framework, and show how to handle data matrix
in noiseless, noisy, complete and incomplete situations by
different strategies.

D. Analysis: the Number of Sub-problems

We now analyze in what situation the proposed DCA
framework is able to identify all the anchors XA success-
fully.

Lemma 1: Let B = {�i}di=1 be d random directions
sampled uniformly from Sm�1. Assume the index set for
the detected anchors on hyperplane defined by B to be ¯A.
Denoted by

p⇤i = Pr[i 2 ¯A], (14)

i.e., p⇤i is the probability for the random projection yi of data
point xi being identified as an anchor in a sub-problem.
Since the detected low-dimensional anchors must be the
random projections of the actual anchors (Theorem 1), we
have

kX

i=1

p⇤i = 1. (15)

Based on the above lemma, we can provide the following
theorem about the minimum number of sub-problems that
can guarantee an accurate anchor estimation.

Theorem 2: (Identifiability) Suppose mini2A p⇤i �
↵/k > 0, i = 1, 2, ..., k. Given the statistics from the solu-
tions of s sub-problems finding low-dimensional anchors,

g(i) =
sX

j=1

I(i 2 ¯Aj
) (16)

by Theorem 1, clearly we have

g(i : i 2 A) � 0,
X

i2A

g(i) =
sX

i=1

| ¯Ai| and g(i : i /2 A) = 0;

(17)

further, it holds with probability at least 1 � k exp
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3k

�

that

min

i2A
g(i) > 0. (18)

Proof: For 8i 2 A, we introduce a random variable
⇠t = I(i 2 ¯Aj

), then Pr(⇠t = 1) = p⇤i . By Chernoof bound,
we have
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Since minj2A p⇤j � ↵/k, this completes the proof.

Therefore, as long as the number of sub-problems s >>
3
↵k log k, we have mini2A g(i) > 0, which indicates that all
the k vertices can be successfully identified by DCA.

III. RAPID ANCHORING IN 1D OR 2D SPACE

In this section, we consider two extreme cases of DCA,
i.e., the sub-problems seek anchors in a 1D or 2D space.
Instead of adopting the sophisticated near-separable NMF
proposed before, we build two simple and efficient non-
iterative algorithms that locate the 1D or 2D anchors after a
computation of O(n) flops. In the framework of DCA, they
enjoy a comparable performance as state-of-the-art, but are
much more efficient, especially in big data challenge.

A. Seeking Vertices of Convex Hull in 1D Space
A number of previous works [20], [21] tackle the sep-

arable NMF in a special case where all the data points
are normalized to have unit `1 norm and are included in
a convex hull. The framework of DCA allows us to divide
the original anchoring problem in m-dimensional space to
O(k log k) sub-problems, each of which aims at finding the
anchors in a 1D space. According to Figure 1, the convex
hull in 1D space is a box on the real axis, and the associated
anchors are the two vertices of the box. Therefore, uniformly
sample s random vectors {�i}si=1 on the hypersphere Sm�1,
each sub-problem is reduced to finding the maximum and
minimum of the n data projections on each of the s random
directions, i.e.,

¯Ai
:=

⇢
argmax

j
xj�

T
i , argmin

j
xj�

T
i

�
, i = 1, 2, · · · , s.

(22)
When �i is randomly selected from the set of m unit vectors
(only one element is 1 and others are all 0), the above sub-
problem can be further simplified to finding the maximum
and minimum on a randomly selected dimension. Since

Probability	  of	  data	  point	  i	  idenOfied	  as	  anchors	  in	  low-‐dim	  projecOons	  



Scheme:	  Divide-‐and-‐Conquer	  Anchoring	  
•  Divide	  step:	  Randomly	  project	  dataset	  for	  s	  Omes,	  
find	  and	  record	  the	  low-‐dim	  anchors	  by	  any	  
anchoring	  algorithm	  (which	  is	  usually	  faster	  and	  
more	  accurate	  in	  low-‐dim).	  

•  Conquer	  step	  (robust	  to	  noise):	  Find	  the	  top	  k	  data	  
points	  selected	  as	  anchors	  for	  most	  Omes.	  *in	  noisy	  case,	  non-‐
anchors	  has	  small	  but	  nonzero	  probability	  to	  be	  selected	  

•  Hmm..	  But	  solving	  sub-‐problems	  might	  be	  slow!	  



Tricks:	  Anchoring	  in	  1	  or	  2	  dimensions	  
•  In	  simplex	  case:	  anchors	  in	  1-‐dim	  is	  the	  smallest	  and	  
largest	  points!	  

X  = {  } 
XA = {  } 

Y  = {  } 
YA = {  } 

Δ(XA) 

Δ(YA) 



Tricks:	  Anchoring	  in	  1	  or	  2	  dimensions	  
•  In	  cone	  case:	  anchors	  in	  2-‐dim	  is	  the	  two	  points	  with	  
smallest	  and	  largest	  angles	  to	  x	  or	  y	  axis!	  

O

X  = {  } 
XA = {  } 

Y  = {  } 
YA = {  } 

cone(XA) 



Harder:	  Incomplete	  datasets	  
•  Cannot	  be	  handled	  by	  previous	  methods.	  
•  In	  DCA:	  	  

•  In	  each	  sub-‐problem,	  randomly	  select	  some	  
dimensions,	  find	  the	  anchors	  of	  data	  samples	  
available	  on	  the	  selected	  dimensions.	  



Comparison:	  Near	  Separable	  NMF	  
•  Solve	  similar	  problem:	  find	  anchors.	  
•  	  	  	  	  	  	  	  	  	  	  	  	  tells	  you	  separable	  NMF	  can	  be	  	  
	  	  	  	  solved	  in	  polynomial	  Ome	  if	  the	  simplex	  is	  
	  alpha-‐robust	  (less	  flat)	  

	  
•  Their	  algorithm	  uses	  the	  fact:	  vertex	  cannot	  
be	  expressed	  as	  convex	  combinaOon	  of	  other	  
data	  points	  –	  search	  infeasible	  LP	  on	  n	  points	  

•  Requires	  n	  LP,	  each	  on	  n-‐1	  variables,	  slowL	  
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Figure 3: (left) The speedup over a serial implementation for Hottopixx on the jumbo and clueweb data
sets. Note the superlinear speedup for up to 20 threads. (middle) The RMSE for the clueweb data set.
(right) The test error on RCV1 CCAT class versus the number of hott topics. The horizontal line indicates
the test error achieved using all of the features.

Future work should investigate the applicability of Hottopixx to other factorization localizing
algorithms, such as subspace clustering, and should revisit earlier theoretical bounds on such prior
art.
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Figure 3. Finding the anchors of full observable data points (a complete 300⇥ 500 matrix of rank 10) in a conical hull of anchors on 30 noise levels
and 4 sub-problem amounts (only for DCA). Each point in the plots is obtained by averaging the results of 20 random trails on 20 different matrices.
DCA invoking 2D rapid anchoring in Section 3 is compared to SPA [23] and XRAY [24].
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Figure 4. Finding the anchors of full observable data points (a complete 50⇥ 100 matrix of rank 10 each row is normalized to have unit `1 norm) in a
convex hull of anchors on 25 noise levels and 4 sub-problem amounts (only for DCA). Each point in the plots is obtained by averaging 5 random trails
on 5 different matrices. DCA invoking 1D rapid anchoring in Section 3 is compared to LP based method Hottopixx [21].

matrix U are generated according to a Dirichlet distribution
whose k parameters are chosen uniformly in [0, 1].

The results of the first two groups of experiments are
given in Figure 3 and Figure 4 respectively, and the results
of the rest two groups are shown in Figure 5.

In the fully observable data case, DCA performs slightly
worse than SPA and XRAY on the same noise level, but
outperforms Hottopixx on both recovery rate and error. It
can be seen that DCA is able to precisely find out most
anchor indexes even when the noise level is close to 1.
Although SPA and XRAY can handle a bit more noise,
DCA is sufficiently robust for most practical applications.
In addition, the anchor recovery error of DCA is equal
to or smaller than that of SPA or XRAY. This indicates
that DCA can find a data point closer to the actual anchor
than the two methods, when the noise is too large to allow
any algorithm to find the real anchor. Furthermore, the
results show two vital advantages of DCA: 1) very few
sub-problems randomly selected from the huge complete
set (of size 124750 for Figure 3 and 100 for Figure 4)
are able to produce an accurate solution. This is consistent
with our theoretical analysis in Section 2D; and, 2) DCA
is much faster than other methods even when it is run by a
single thread. It can be expected that a parallel or distributed
DCA is able to provide a substantially efficient algorithm
that cannot be offered by any previous method for big data
challenges.

In the incomplete data case, DCA exhibits remarkable
capability and successfully locates most anchors even when
90% entries in the matrix are missing and the rest observed

ones are corrupted by relatively large noise. Note there
are merely 125 sub-problems involved in the divide step
of DCA. This indicates that DCA does not use all the
information encoded in the observed entries, and can still
achieve promising performance. Compared to similar plots
reported in matrix completion (MC) literatures [30][25], we
further find out that the sampling ratio required by DCA to
recover anchors are much less than that required by MC to
recover the matrix. But their goals in massive applications
are identical, i.e., to represent a huge number of data points
by a few basis. This means DCA can replace MC in various
situations (analogous to the relation between PCA and CUR
[18]). Another interesting phenomenon of DCA shown in
Figure 5 is that its performance improves with the increase
of rank, which is opposite to what we usually observed in
MC. This is interpretable, because to select a fewer anchors
from a great number of data points and ensure that they can
express the whole dataset is much difficult than to pick out
more redundant data points, which can easily lead to a small
reconstruction error. Hence more information from data is
required in the former case.

B. Collaborative Filtering by Finding Representative Users
We show an interesting application of DCA in recommen-

dation systems, which were mentioned in Section 2C and
cannot be handled by other separable NMF. In particular,
we assume that there exist some representative users whose
ratings’ conical combination is able to express all the other
users’ ratings. This assumption generates an extremely ef-
ficient method to predict unknown ratings in the user-item
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Figure 3. Finding the anchors of full observable data points (a complete 300⇥ 500 matrix of rank 10) in a conical hull of anchors on 30 noise levels
and 4 sub-problem amounts (only for DCA). Each point in the plots is obtained by averaging the results of 20 random trails on 20 different matrices.
DCA invoking 2D rapid anchoring in Section 3 is compared to SPA [23] and XRAY [24].
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Figure 4. Finding the anchors of full observable data points (a complete 50⇥ 100 matrix of rank 10 each row is normalized to have unit `1 norm) in a
convex hull of anchors on 25 noise levels and 4 sub-problem amounts (only for DCA). Each point in the plots is obtained by averaging 5 random trails
on 5 different matrices. DCA invoking 1D rapid anchoring in Section 3 is compared to LP based method Hottopixx [21].

matrix U are generated according to a Dirichlet distribution
whose k parameters are chosen uniformly in [0, 1].

The results of the first two groups of experiments are
given in Figure 3 and Figure 4 respectively, and the results
of the rest two groups are shown in Figure 5.

In the fully observable data case, DCA performs slightly
worse than SPA and XRAY on the same noise level, but
outperforms Hottopixx on both recovery rate and error. It
can be seen that DCA is able to precisely find out most
anchor indexes even when the noise level is close to 1.
Although SPA and XRAY can handle a bit more noise,
DCA is sufficiently robust for most practical applications.
In addition, the anchor recovery error of DCA is equal
to or smaller than that of SPA or XRAY. This indicates
that DCA can find a data point closer to the actual anchor
than the two methods, when the noise is too large to allow
any algorithm to find the real anchor. Furthermore, the
results show two vital advantages of DCA: 1) very few
sub-problems randomly selected from the huge complete
set (of size 124750 for Figure 3 and 100 for Figure 4)
are able to produce an accurate solution. This is consistent
with our theoretical analysis in Section 2D; and, 2) DCA
is much faster than other methods even when it is run by a
single thread. It can be expected that a parallel or distributed
DCA is able to provide a substantially efficient algorithm
that cannot be offered by any previous method for big data
challenges.

In the incomplete data case, DCA exhibits remarkable
capability and successfully locates most anchors even when
90% entries in the matrix are missing and the rest observed

ones are corrupted by relatively large noise. Note there
are merely 125 sub-problems involved in the divide step
of DCA. This indicates that DCA does not use all the
information encoded in the observed entries, and can still
achieve promising performance. Compared to similar plots
reported in matrix completion (MC) literatures [30][25], we
further find out that the sampling ratio required by DCA to
recover anchors are much less than that required by MC to
recover the matrix. But their goals in massive applications
are identical, i.e., to represent a huge number of data points
by a few basis. This means DCA can replace MC in various
situations (analogous to the relation between PCA and CUR
[18]). Another interesting phenomenon of DCA shown in
Figure 5 is that its performance improves with the increase
of rank, which is opposite to what we usually observed in
MC. This is interpretable, because to select a fewer anchors
from a great number of data points and ensure that they can
express the whole dataset is much difficult than to pick out
more redundant data points, which can easily lead to a small
reconstruction error. Hence more information from data is
required in the former case.

B. Collaborative Filtering by Finding Representative Users
We show an interesting application of DCA in recommen-

dation systems, which were mentioned in Section 2C and
cannot be handled by other separable NMF. In particular,
we assume that there exist some representative users whose
ratings’ conical combination is able to express all the other
users’ ratings. This assumption generates an extremely ef-
ficient method to predict unknown ratings in the user-item
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Experiments:	  SyntheOc	  data	  tells	  us	  more	  
about	  DCA	  (Incomplete,	  Cone)	  (2)	  	  
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Figure 5. Finding the anchors of data points with massive missing values (an incomplete 50 ⇥ 100 matrix each entry is observed with probability
sampling ratio) in a conical hull of anchors via solving 125 sub-problems by DCA on 4 noise levels. The left two plots show the results when sampling
ratio varies between [0.01, 0.31] and the rank k is fixed to 10, while the two plots on the right show the results when rank k varies between [5, 50] and
the sampling ratio is fixed to 0.15. Each point in the plots is obtained by averaging 20 random trails on 20 different matrices. The divide step of DCA
uses 2D rapid anchoring in Section 3.

rating matrix, that is, we can detect the representative users
at first and only collect ratings from them. Then we can
predict the other users’ missing ratings by the ratings of
these users. This problem can be rapidly solved by DCA
for incomplete data, in which the rating matrix is X and the
ratings of representative users are the anchors XA.

We apply this method to MovieLens 2 dataset, which
includes 100k, 1M and 10M ratings to movies in its three
subsets, and compare its reconstruction error and speed
with state-of-the-art matrix completion algorithm GreB [30].
Since the ratings of the detected representative users cannot
be known from the real dataset, we assign the results of
matrix completion to them. The results in Table I show that
DCA outperforms GreB on both prediction accuracy and
computational efficiency.

Table I
NORMALIZED MEAN ABSOLUTE ERROR (NMAE), ROOT MEAN SQUARE

ERROR (RMSE) AND CPU SECONDS OF DCA AND MATRIX
COMPLETION ON MOVIELENS. n/m/k OF 3 DATASETS:

100K(943/1682/10), 1M(6040/3952/10), 10M(69878/10677/10).
RESULT FORMAT: NMAE/RMSE/CPU SECONDS.

GreB DCA
100k 0.15/0.94/0.57 0.11/0.87/0.12
1M 0.12/0.86/3.54 0.09/0.80/1.36
10M 0.11/1.04/20.67 0.08/0.95/5.98

C. Reconstruction of Images, Texts and Handwritten Digits
A primary goal of separable NMF is to express the whole

dataset by the extracted anchors. We apply SPCA, XRAY
and DCA (conical hull case) to three real datasets, i.e.,
Grolier encyclopedia article dataset (15276 words’ counts in
30991 articles) 3, and MIT scene dataset with gist features
(2688 images with 512 features) 4, and MNIST dataset of
handwritten digits (70000 28 ⇥ 28 images for digits from
0 to 9) 5. We do not evaluate LP based methods here due
to its large time costs on these large-scale datasets. In each

2http://www.grouplens.org/node/73
3http://www.cs.nyu.edu/ roweis/data.html
4http://people.csail.mit.edu/torralba/code/spatialenvelope/
5http://yann.lecun.com/exdb/mnist/

experiment, after obtaining the anchors XA, a nonnegative
least square regression is used to calculate the weight matrix
F 0 from XA and X . We show the average normalized `2
reconstruction error kxi � x̂ik2/kxik2 and CPU seconds
of different methods in Table II. DCA achieves the best
performance on both accuracy and efficiency in most trials.

Table II
RECONSTRUCTION ERROR AND CPU SECONDS OF SPA, XRAY AND

DCA ON THREE DATASETS. THE RANK k FOR RECONSTRUCTING THEM
IS 30, 50, 50. RESULT FORMAT: `2 ERROR/CPU SECONDS.

SPA XRAY DCA
MIT scene 0.3351/0.085 0.3133/104.19 0.2766/0.038
MNIST 569.21/1.891 0.6128/233.69 0.5792/0.928
Grolier 0.5041/3.777 0.3589/17.89 0.2907/1.303

V. CONCLUSIONS

A divide-and-conquer anchoring framework is proposed in
this paper to address near-separable NMF problem by solv-
ing several independent sub-problems in low-dimensional
spaces, in which highly efficient anchoring algorithm can be
developed. Moreover, it is possible to extend DCA to address
other matrix factorization in which the data points within the
convex or pointed conical hull are not necessary to be non-
negative (a further theoretical analysis is needed). Compared
with previous NMF method and Bayesian probabilistic MF,
DCA is more expressive and has faster implementation.
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•  k = 10, 50x100 matrix, 125 sub-problems out of 9900: klog(k). 
•  Tolerance of Noise Level: DCA can deal with large noise. 
•  Smaller sampling ratio than Matrix Completion: 10% entries will give 

accurate recovery of the whole matrix. 



Experiments:	  SyntheOc	  data	  tells	  us	  more	  
about	  DCA	  (Incomplete,	  Cone)	  (2)	  

•  DCA Paradox: Why recovery rate increases when increasing the matrix 
rank? This is in contrast to matrix completion! 

•  Reason: Difference between Selection and Optimization’s Complexity. To 
select a fewer anchors from a great number of data points is harder.  
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Figure 5. Finding the anchors of data points with massive missing values (an incomplete 50 ⇥ 100 matrix each entry is observed with probability
sampling ratio) in a conical hull of anchors via solving 125 sub-problems by DCA on 4 noise levels. The left two plots show the results when sampling
ratio varies between [0.01, 0.31] and the rank k is fixed to 10, while the two plots on the right show the results when rank k varies between [5, 50] and
the sampling ratio is fixed to 0.15. Each point in the plots is obtained by averaging 20 random trails on 20 different matrices. The divide step of DCA
uses 2D rapid anchoring in Section 3.

rating matrix, that is, we can detect the representative users
at first and only collect ratings from them. Then we can
predict the other users’ missing ratings by the ratings of
these users. This problem can be rapidly solved by DCA
for incomplete data, in which the rating matrix is X and the
ratings of representative users are the anchors XA.

We apply this method to MovieLens 2 dataset, which
includes 100k, 1M and 10M ratings to movies in its three
subsets, and compare its reconstruction error and speed
with state-of-the-art matrix completion algorithm GreB [30].
Since the ratings of the detected representative users cannot
be known from the real dataset, we assign the results of
matrix completion to them. The results in Table I show that
DCA outperforms GreB on both prediction accuracy and
computational efficiency.

Table I
NORMALIZED MEAN ABSOLUTE ERROR (NMAE), ROOT MEAN SQUARE

ERROR (RMSE) AND CPU SECONDS OF DCA AND MATRIX
COMPLETION ON MOVIELENS. n/m/k OF 3 DATASETS:

100K(943/1682/10), 1M(6040/3952/10), 10M(69878/10677/10).
RESULT FORMAT: NMAE/RMSE/CPU SECONDS.

GreB DCA
100k 0.15/0.94/0.57 0.11/0.87/0.12
1M 0.12/0.86/3.54 0.09/0.80/1.36
10M 0.11/1.04/20.67 0.08/0.95/5.98

C. Reconstruction of Images, Texts and Handwritten Digits
A primary goal of separable NMF is to express the whole

dataset by the extracted anchors. We apply SPCA, XRAY
and DCA (conical hull case) to three real datasets, i.e.,
Grolier encyclopedia article dataset (15276 words’ counts in
30991 articles) 3, and MIT scene dataset with gist features
(2688 images with 512 features) 4, and MNIST dataset of
handwritten digits (70000 28 ⇥ 28 images for digits from
0 to 9) 5. We do not evaluate LP based methods here due
to its large time costs on these large-scale datasets. In each

2http://www.grouplens.org/node/73
3http://www.cs.nyu.edu/ roweis/data.html
4http://people.csail.mit.edu/torralba/code/spatialenvelope/
5http://yann.lecun.com/exdb/mnist/

experiment, after obtaining the anchors XA, a nonnegative
least square regression is used to calculate the weight matrix
F 0 from XA and X . We show the average normalized `2
reconstruction error kxi � x̂ik2/kxik2 and CPU seconds
of different methods in Table II. DCA achieves the best
performance on both accuracy and efficiency in most trials.

Table II
RECONSTRUCTION ERROR AND CPU SECONDS OF SPA, XRAY AND

DCA ON THREE DATASETS. THE RANK k FOR RECONSTRUCTING THEM
IS 30, 50, 50. RESULT FORMAT: `2 ERROR/CPU SECONDS.

SPA XRAY DCA
MIT scene 0.3351/0.085 0.3133/104.19 0.2766/0.038
MNIST 569.21/1.891 0.6128/233.69 0.5792/0.928
Grolier 0.5041/3.777 0.3589/17.89 0.2907/1.303

V. CONCLUSIONS

A divide-and-conquer anchoring framework is proposed in
this paper to address near-separable NMF problem by solv-
ing several independent sub-problems in low-dimensional
spaces, in which highly efficient anchoring algorithm can be
developed. Moreover, it is possible to extend DCA to address
other matrix factorization in which the data points within the
convex or pointed conical hull are not necessary to be non-
negative (a further theoretical analysis is needed). Compared
with previous NMF method and Bayesian probabilistic MF,
DCA is more expressive and has faster implementation.
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Experiments:	  Represent	  other	  data	  in	  real	  
dataset	  by	  selected	  anchors	  
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Figure 5. Finding the anchors of data points with massive missing values (an incomplete 50 ⇥ 100 matrix each entry is observed with probability
sampling ratio) in a conical hull of anchors via solving 125 sub-problems by DCA on 4 noise levels. The left two plots show the results when sampling
ratio varies between [0.01, 0.31] and the rank k is fixed to 10, while the two plots on the right show the results when rank k varies between [5, 50] and
the sampling ratio is fixed to 0.15. Each point in the plots is obtained by averaging 20 random trails on 20 different matrices. The divide step of DCA
uses 2D rapid anchoring in Section 3.

rating matrix, that is, we can detect the representative users
at first and only collect ratings from them. Then we can
predict the other users’ missing ratings by the ratings of
these users. This problem can be rapidly solved by DCA
for incomplete data, in which the rating matrix is X and the
ratings of representative users are the anchors XA.

We apply this method to MovieLens 2 dataset, which
includes 100k, 1M and 10M ratings to movies in its three
subsets, and compare its reconstruction error and speed
with state-of-the-art matrix completion algorithm GreB [30].
Since the ratings of the detected representative users cannot
be known from the real dataset, we assign the results of
matrix completion to them. The results in Table I show that
DCA outperforms GreB on both prediction accuracy and
computational efficiency.

Table I
NORMALIZED MEAN ABSOLUTE ERROR (NMAE), ROOT MEAN SQUARE

ERROR (RMSE) AND CPU SECONDS OF DCA AND MATRIX
COMPLETION ON MOVIELENS. n/m/k OF 3 DATASETS:

100K(943/1682/10), 1M(6040/3952/10), 10M(69878/10677/10).
RESULT FORMAT: NMAE/RMSE/CPU SECONDS.

GreB DCA
100k 0.15/0.94/0.57 0.11/0.87/0.12
1M 0.12/0.86/3.54 0.09/0.80/1.36
10M 0.11/1.04/20.67 0.08/0.95/5.98

C. Reconstruction of Images, Texts and Handwritten Digits
A primary goal of separable NMF is to express the whole

dataset by the extracted anchors. We apply SPCA, XRAY
and DCA (conical hull case) to three real datasets, i.e.,
Grolier encyclopedia article dataset (15276 words’ counts in
30991 articles) 3, and MIT scene dataset with gist features
(2688 images with 512 features) 4, and MNIST dataset of
handwritten digits (70000 28 ⇥ 28 images for digits from
0 to 9) 5. We do not evaluate LP based methods here due
to its large time costs on these large-scale datasets. In each

2http://www.grouplens.org/node/73
3http://www.cs.nyu.edu/ roweis/data.html
4http://people.csail.mit.edu/torralba/code/spatialenvelope/
5http://yann.lecun.com/exdb/mnist/

experiment, after obtaining the anchors XA, a nonnegative
least square regression is used to calculate the weight matrix
F 0 from XA and X . We show the average normalized `2
reconstruction error kxi � x̂ik2/kxik2 and CPU seconds
of different methods in Table II. DCA achieves the best
performance on both accuracy and efficiency in most trials.

Table II
RECONSTRUCTION ERROR AND CPU SECONDS OF SPA, XRAY AND

DCA ON THREE DATASETS. THE RANK k FOR RECONSTRUCTING THEM
IS 30, 50, 50. RESULT FORMAT: `2 ERROR/CPU SECONDS.

SPA XRAY DCA
MIT scene 0.3351/0.085 0.3133/104.19 0.2766/0.038
MNIST 569.21/1.891 0.6128/233.69 0.5792/0.928
Grolier 0.5041/3.777 0.3589/17.89 0.2907/1.303

V. CONCLUSIONS

A divide-and-conquer anchoring framework is proposed in
this paper to address near-separable NMF problem by solv-
ing several independent sub-problems in low-dimensional
spaces, in which highly efficient anchoring algorithm can be
developed. Moreover, it is possible to extend DCA to address
other matrix factorization in which the data points within the
convex or pointed conical hull are not necessary to be non-
negative (a further theoretical analysis is needed). Compared
with previous NMF method and Bayesian probabilistic MF,
DCA is more expressive and has faster implementation.
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Experiments:	  Find	  representaOve	  users	  in	  
recommendaOon	  system	  and	  do	  
collaboraOve	  filtering	  
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Figure 5. Finding the anchors of data points with massive missing values (an incomplete 50 ⇥ 100 matrix each entry is observed with probability
sampling ratio) in a conical hull of anchors via solving 125 sub-problems by DCA on 4 noise levels. The left two plots show the results when sampling
ratio varies between [0.01, 0.31] and the rank k is fixed to 10, while the two plots on the right show the results when rank k varies between [5, 50] and
the sampling ratio is fixed to 0.15. Each point in the plots is obtained by averaging 20 random trails on 20 different matrices. The divide step of DCA
uses 2D rapid anchoring in Section 3.

rating matrix, that is, we can detect the representative users
at first and only collect ratings from them. Then we can
predict the other users’ missing ratings by the ratings of
these users. This problem can be rapidly solved by DCA
for incomplete data, in which the rating matrix is X and the
ratings of representative users are the anchors XA.

We apply this method to MovieLens 2 dataset, which
includes 100k, 1M and 10M ratings to movies in its three
subsets, and compare its reconstruction error and speed
with state-of-the-art matrix completion algorithm GreB [30].
Since the ratings of the detected representative users cannot
be known from the real dataset, we assign the results of
matrix completion to them. The results in Table I show that
DCA outperforms GreB on both prediction accuracy and
computational efficiency.

Table I
NORMALIZED MEAN ABSOLUTE ERROR (NMAE), ROOT MEAN SQUARE

ERROR (RMSE) AND CPU SECONDS OF DCA AND MATRIX
COMPLETION ON MOVIELENS. n/m/k OF 3 DATASETS:

100K(943/1682/10), 1M(6040/3952/10), 10M(69878/10677/10).
RESULT FORMAT: NMAE/RMSE/CPU SECONDS.

GreB DCA
100k 0.15/0.94/0.57 0.11/0.87/0.12
1M 0.12/0.86/3.54 0.09/0.80/1.36
10M 0.11/1.04/20.67 0.08/0.95/5.98

C. Reconstruction of Images, Texts and Handwritten Digits
A primary goal of separable NMF is to express the whole

dataset by the extracted anchors. We apply SPCA, XRAY
and DCA (conical hull case) to three real datasets, i.e.,
Grolier encyclopedia article dataset (15276 words’ counts in
30991 articles) 3, and MIT scene dataset with gist features
(2688 images with 512 features) 4, and MNIST dataset of
handwritten digits (70000 28 ⇥ 28 images for digits from
0 to 9) 5. We do not evaluate LP based methods here due
to its large time costs on these large-scale datasets. In each

2http://www.grouplens.org/node/73
3http://www.cs.nyu.edu/ roweis/data.html
4http://people.csail.mit.edu/torralba/code/spatialenvelope/
5http://yann.lecun.com/exdb/mnist/

experiment, after obtaining the anchors XA, a nonnegative
least square regression is used to calculate the weight matrix
F 0 from XA and X . We show the average normalized `2
reconstruction error kxi � x̂ik2/kxik2 and CPU seconds
of different methods in Table II. DCA achieves the best
performance on both accuracy and efficiency in most trials.

Table II
RECONSTRUCTION ERROR AND CPU SECONDS OF SPA, XRAY AND

DCA ON THREE DATASETS. THE RANK k FOR RECONSTRUCTING THEM
IS 30, 50, 50. RESULT FORMAT: `2 ERROR/CPU SECONDS.

SPA XRAY DCA
MIT scene 0.3351/0.085 0.3133/104.19 0.2766/0.038
MNIST 569.21/1.891 0.6128/233.69 0.5792/0.928
Grolier 0.5041/3.777 0.3589/17.89 0.2907/1.303

V. CONCLUSIONS

A divide-and-conquer anchoring framework is proposed in
this paper to address near-separable NMF problem by solv-
ing several independent sub-problems in low-dimensional
spaces, in which highly efficient anchoring algorithm can be
developed. Moreover, it is possible to extend DCA to address
other matrix factorization in which the data points within the
convex or pointed conical hull are not necessary to be non-
negative (a further theoretical analysis is needed). Compared
with previous NMF method and Bayesian probabilistic MF,
DCA is more expressive and has faster implementation.
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Take	  Home	  Messages:	  
•  High	  Level:	  Big	  Data	  Learning	  

–  Learn	  by	  SelecOng:	  Find	  the	  anchors	  
–  Learn	  in	  Low-‐Dim:	  Divide-‐and-‐Conquer	  

•  Middle	  Level:	  what	  DCA	  can	  solve	  
– Matrix	  FactorizaOon/CompleOon	  (could	  be	  negaOve)	  
–  Learning	  Graphical	  Models	  (LDA,	  Tree,	  BayesNet	  …)	  
–  Feature	  SelecOon	  (Anchor	  features)	  

•  DCA:	  	  
–  Fast:	  distributed	  (k	  logk	  threads),	  no	  iteraOon,	  only	  max/
min	  operaOons	  and	  entry-‐wise	  mulOplicaOon.	  

–  Easy:	  a	  few	  lines	  in	  MATLAB.	  
–  Nonlinear?	  Yes,	  Change	  Metric!	  



Thanks! 
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